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Resonant Scattering in a Strong Magnetic Field: Exact Density of States
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We study the structure of 2D electronic states in a strong magnetic field in the presence of a l
number of resonant scatterers. For an electron in the lowest Landau level, we derive theexactdensity
of states by mapping the problem onto a zero-dimensional field-theoretical model. We demonstrate
the interplay between resonant and nonresonant scattering leads to anonanalyticenergy dependence of
the electron Green function. In particular, for strong resonant scattering the density of states deve
a gap in a finite energy interval. The shape of the Landau level is shown to be very sensitive to
distribution of resonant scatterers. [S0031-9007(97)04376-7]

PACS numbers: 73.20.Dx, 73.40.Hm
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During recent years there has been a growing inter
in the role of multiple resonant scattering in transpo
Most of the studies have been related to the passage
light through a disordered medium. In particular, it wa
shown in a recent experiment [1] and subsequent wo
[2] that multiple scattering near resonances leads to
renormalization of the diffusion coefficient up to an orde
of magnitude.

It is natural to expect that resonant scattering wou
also affect quite strongly the properties of electrons
disordered systems. The effective trapping of the electr
in resonant states is expected to suppress diffusion, jus
in optics [1,2]. This would in turn be evident in the single
particle density of states (DOS) and localization propertie

In this paper we study the electronic states of
2D system in a strong magnetic field in the presen
of a large number of resonant scatterers. This choic
is motivated in part because experimental structur
with such geometry recently became available than
to remarkable advances in the fabrication of arrays
ultrasmall self-assembled quantum dots [3]. With typic
sizes of less than20 nm and very narrow variations
of less than 10%, an array of such dots with dens
1010 1011 cm22 can be produced at some preset distan
from a plane of a high mobility electron gas [4]. As th
Fermi energy in the plane approaches the levels of do
the virtual transitions between dots and the plane res
in multiple resonant scattering. Such scattering whic
in principle, extends through the entire system, strong
affects the DOS of a 2D electron.

The DOS of 2D disordered electronic systems in
quantizing magnetic field has been extensively studi
for the past two decades [5–15]. The macroscopic d
generacy of the Landau levels (LL) makes a pertu
bative treatment of even weak disorder impossible a
calls for nonperturbative approaches. For high LL, And
and Uemura’s self-consistent Born approximation [5] wa
shown to be asymptotically exact for short-range diso
der [11,13], while in the case of long-range disorder th
0031-9007y97y79(18)y3478(4)$10.00
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DOS can be obtained within the eikonal approximation
[13]. For low LL and uncorrelated disorder, the problem
contains no small parameter and neither of those approx
mations apply. Nevertheless, Wegner was able to obta
the exact DOS in a white-noise potential for the lowes
LL, by mapping the problem onto that of the 0D complex
f4 model [9]. This remarkable result was extended t
non-Gaussian random potentials by Brezinet al. [10], and
recently to multilayer systems [15].

The “regular” disorder broadens the LL into a band
of width G. At the same time, the resonant scattering
leads to a sharp energy dependence of the DOS near
resonance. The scattering is enhanced close to the
center and is suppressed in the tails. Therefore, th
efficiencyof resonant scattering is characterized by th
ratio gyG, whereg is the width of the energy spread of
resonant states.

The interplay of the resonant and nonresonant scatte
ing leads to a rather complex energy dependence of t
DOS. Nevertheless, for the lowest LL the problem can b
solvedexactly [see Eqs. (8) and (9) below]. We exploit
the hidden supersymmetry of the lowest LL [9,10] in or-
der to map the averaged Green function onto a version
0D field theory. The DOS appears to benonanalyticas
a function of energy; in particular, it develops agap as
resonant scattering becomes strong.

The model.—Consider a 2D electron gas separated b
a tunneling barrier from a system of localized states (LS
In addition to LS, a Gaussian random potentialV srd
with correlator kV srdV sr0dl ­ wdsr 2 r0d is present in
the plane. We assume that energies of LS are close
the lowest LL and adopt the tunneling Hamiltonian,

Ĥ ­
X
m

emay
mam 1

X
i

eic
y
i ci 1

X
m,i

stmia
y
mci 1 H.c.d ,

(1)

where em, cy
m, and cm are the eigenenergy, creation,

and annihilation operators of the eigenstatejml of the
Hamiltonian H0 1 V srd (H0 describes a free electron
© 1997 The American Physical Society
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i , and ci are those of theith

LS, and tmi is a tunneling matrix element. The lat-
ter is defined astmi ­

R
drdzcp

msr, zdVisr, zdcisr, zd .
cp

msri , zid
R

drdzVisr, zdcisr, zd, whereVisr, zd is the LS
potential andcisr, zd is its wave function. In the direction
normal to the plane, the wave functioncp

msr, zd decays as
e2kz , while in the plane it behaves as an eigenfunctio
cp

msrd of the HamiltonianH0 1 V srd. For high enough
tunneling barrier, the dependence ofk on m can be ne-
glected [16] so thattmi . cp

msridti.
A formal expression for the Green function of a 2D elec

tron with energyv, Gmnsvd ­ kmjsv 2 Ĥd21jnl, can
be derived by integrating out the LS degrees of freedo
It has the formĜsvd ­ sv 2 ê 2 Ŝd21, where ê is a
diagonal matrix with elementsem, and self-energy matrix,

Smnsvd ­
X

i

tmitin

v 2 ei
­

X
i

t2
i cp

msridcnsrid
v 2 ei

, (2)

comes from scattering of the electron by LS. In suc
a form, however, the Green function is hard to analyz
Instead, it is convenient to work with an effectivein-
planeHamiltonian,Heff, for the electron with energyv.
RecastingSmn in coordinate representation, we obtai
Heffsvd ­ H0 1 V srd 1 Usv, rd, where the last term,

Usv, rd ­
X

i

t2
i

v 2 ei
dsri 2 rd , (3)

describes the resonant scattering of electrons by the L
The potential (3) resembles that of pointlike scatterer
The crucial difference, however, is that here scatterin
strength depends on the proximity of the electron ener
to the LS levels. It is important to notice thatUsv, rd
changes from repulsive to attractive as the electron ene
passes through the resonance. Since positions of LS
random with uniform densitynLS, the distribution function
of U is Poissonian.

In the following, we assume that the tunneling barrier
high enough, and neglect the difference inti for different
LS, setting ti ­ t in the rest of the paper. A strong
magnetic field implies that scattering retains electrons
the lowest LL. While for the white-noise potential this
condition is standard, it is more restrictive for the resona
scattering. It should be noted, however, that the latter
effectively reduced by the energy spread of LS.

Calculation of the DOS,gsvd ­ 2p21Im Gsr, rd,
requires averaging of the Green function,Gsr, rd ­
krjsv1 2 Heffd21jrl (with v1 ­ v 1 i0), over both
random potentialsV srd andUsvd. Below, we derive this
DOS exactly by using the approach of Ref. [10].

Derivation of DOS.—The Green function is presented
as a bosonic functional integralGsr, rd ­ 2iZ21 3R

D cD c̄eiScsrdc̄srd with the action Sfc̄ , cg ­R
drc̄srd fv1 2 Heffsvdgcsrd. After writing the

normalization factor as a fermionic integralZ21 ­R
D xD x̄eiS with the same actionSfx̄ , xg, both c

and x are projected on the lowest LL subspace a
sv 2 H0dc ­ vc (measuring all energies from the
n

-

m.

h
e.

n

S.
s.
g

gy

rgy
are
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lowest LL). In the symmetric gauge, this projection
is achieved with c ­ s2pl2d21y2e2jzj2y4l2

uszd and
x ­ s2pl2d21y2e2jzj2y4l2

yszd, where the bosonic field
uszd and the fermionic fieldyszd are analytic functions
of the complex coordinatez ­ x 1 iy (l is the magnetic
length). The Green function then takes the formGsr, rd ­
2is2pl2d21e2jzj2y2l2 kuszdūszpdl, where k· · ·l denotes a
functional integral overuszd andyszd with the action

S ­
Z d2z

2pl2
e2jzj2y2l2

sūu 1 ȳyd fv1 2 V 2 Usvdg .

(4)

As a next step, one introduces Grassman coordinat
u and up, normalized as

R
d2zd2ue2jzj22uup

­ 1,
and defines analytic “superfields”Fsz, ud ­ uszd 1

uyszdy
p

2 l and F̄szp, upd ­ ūszpd 1 upȳszpdy
p

2 l,
taking values in the “superspace”j ­ sz, ud. Using
kul ­ kyl ­ 0 and kuūl ­ kyȳl, the Green function can
be presented as

G ­ 2i
e2jjpy2l2

2pl2

Z
D FD F̄eiSFsjdF̄sjpd , (5)

where jjp ; jzj2 1 uup and SfF̄, Fg is ob-
tained from (4) by substitutingūu 1 ȳy ­ 2pl2 3R

d2ue2uupy2l2
F̄sjpdFsjd.

We now perform the ensemble averaging overV andU.
The Gaussian averaging of exps2i

R
VQd2zd, whereQ ­R

d2ue2jjpy2l2
F̄sjpdFsjd, gives expf2swy2d

R
Q2d2zg,

while the averaging of exps2i
R

UQd2zd with a Poisso-
nian distribution function [17] yields

exp

(
2nls

Z "
1 2

*
exp

√
2

it2Q
v 2 e

!+
e

#
d2z

)
, (6)

wherek· · ·le denotes energy averaging. As a result, on
obtains the following effective action

iSfF, F̄g ­ iv1

Z
d2ja 2

G2

2

Z d2z
2pl2

3

µ
2pl2

Z
d2ua

∂2

2 n
Z d2z

2pl2

3

Ω
1 2

ø
exp

∑
2il2pl2

Z
d2ua

∏¿
e

æ
, (7)

where asj, jpd ­ e2jjpy2l2
F̄sjpdFsjd. Here G ­

swy2pl2d1y2 is Wegner’s width of lowest LL (in the
absence of resonant scattering),n ­ 2pl2nLS is the
“filling factor” of LS, and we denotedl ­ d2ysv 2 ed,
whered ­ tys2pl2d1y2 characterizes the tunneling.

The action (7) possesses a supersymmetry, charact
istic for the lowest LL [9,10]. Being evident for the
first term, this symmetry betweenz and u can be made
explicit for the second and third terms also by making
use of the identity [10]ns2pl2

R
d2ue2uupy2l2

F̄Fdn ­
2pl2

R
d2ue2nuupy2l2 sF̄Fdn, which allows one to replace

any functional of the form
R

d2zfs2pl2
R

d2uad with
3479
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2pl2
R

d2jhsad, where≠hsxdy≠x ­ fsxdyx. As a re-
sult, one obtains a manifestly supersymmetric actionS ­R

d2jAsad, where

iAsad ­ iv1a 2
G2a2

4

2 n
Z a

0

db

b

"
1 2

*
exp

√
2

id2b

v 2 e

!+
e

#
.

(8)

The supersymmetry leads, in turn, to the exact cancellat
of contributions fromz and u spatial integrals into each
diagram, so that the entire perturbation series can be g
erated in the 0D field theory with thesameaction [9,10].
The Green function is then given by the ratio of two ord
nary integrals,Gsvd ­ 2is2pl2d21Z21

0

R
d2feiAffp,

where Z0 ­
R

d2feiA with Asffpd from (8). From
this Green function, the DOS is obtained as

gsvd ­
1

2p2l2
Im

≠

≠v1

ln
Z `

0
daeiAsad, (9)

where the derivative applies only to the first term of (8).
Examples.—The energy averaging in (8) can be pe

formed analytically for an arbitrary distribution of LS
levels,fgse 2 ēd, whereē is average energy andg is the
width. The result reads

iAsad ­ iv1a 2
G2a2

4

2 n
Z `

0

dx
x

f̃gsxdeisv2ēdxf1 2 J0s2d
p

xa dg ,

(10)

where f̃gsxd is the Fourier transform offgsed and J0
is the Bessel function. Numerical results for DOS wit
Gaussian distribution,̃fgsxd ­ e2gx2y2, are presented in
Fig. 1.

Consider first the case of a strong in-plane disord
Gyd ¿ 1. For a not very smallg, so thatd2ygG ø
1, the Bessel function in (10) can be expanded
first order, yieldingGsvd ­ GW sv 2 Sd, whereGW svd
is Wegner’s Green function (that is withn ­ 0) and
Ssvd ­ 2ind2

R`

0 dxe2g2x2y21isv2ēdx is the first-order
self-energy due to the resonant scattering. If the reson
level is close to the LL center,v , ē ø G, the first-
order correction to the DOS reads

dgsvd
gW s0d

­ 2
p 2 2

p
2

nd2

gG
exp

"
2

sv 2 ēd2

2g2

#
, (11)

wheregW svd is Wegner’s DOS.
Resonant scattering in this case manifests itself a

minimum of width g on top of the wider peak of width
G. The evolution of the DOS with increasingdyg is
shown in Fig. 1(a). The effect is strongest fordyg ¿ 1;
however, splitting remains considerable even forgyd .
1. For dyg ø 1 the DOS is basically unaffected by
resonant scattering and reduces to Wegner‘s formgW svd.

With increasing scatteringdyG, the shape of the DOS
undergoes a drastic transformation [see Fig. 1(b)]. Fo
3480
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FIG. 1. (a) DOS [in units ofg1 ­ s2pl2d21G21] for strong
in-plane disorder,dyG ­ 0.3, with ē ­ 0 and n ­ 1.5, is
shown for differentgyd ­ 0.1 (solid line), 0.5 (dotted line),
1.0 (dashed line), 2.0 (long-dashed line), and 10.0 (dot-dash
line). (b) DOS [in units of g2 ­ s2pl2d21d21] for strong
tunneling, dyg ­ 10.0, with ē ­ d and n ­ 0.8, is shown
for Gyd ­ 0.1 (solid line), 0.2 (dotted line), 0.3 (dashed line),
0.5 (long-dashed line), and 1.0 (dot-dashed line). (c) DOS fo
weak in-plane disorder,Gyd ­ 0.1, with ē ­ d and n ­ 0.8,
is shown for gyG ­ 1.0 (solid line), 3.0 (dotted line), 5.0
(dashed line), and 10.0 (long-dashed line).

strong scattering, the DOS develops agap in the energy
interval vsv 2 ēd , 0. The existence of the gap can
be traced directly to Eq. (8) (with vanishinggyd and
Gyd). In this energy interval the integration path in
the a integral in (9) can be rotated bye2ipsgnsv2ēdy2,
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resulting in a purely realiA. The origin of the gap is
the following. If the regular disorder is weak (smallG),
the LL broadening comes from the resonant scatteri
alone. Then the scattering potential (3) appears to
attractive forv , ē, pulling the electronic states from
the LL center to theleft, while for v . ē the potential
is repulsive, pushing the states to theright. Note that
for a low density of scatterers,n , 1, a fraction 1 2

n of states in the plane remains unaffected. Su
“condensation of states” was known also for the case
repulsive pointlike scatterers with a constant scatteri
strength [6,7,10,11]. In fact, the analogy extends al
to the intricate structure of the DOS away from th
gap. In particular, the smaller peaks correspond
singularities ingsvd at integer values ofvsv 2 ēdyd2

[10]. The behavior ofgsvd near the gap edges is differen
for v ! 0 and v ! ē: One can show that in the
former case the DOS exhibits a discontinuity,gsvd ~

s1 2 nddsvd 1 constyjvjn, while near the resonance it
vanishes assv 2 ēd12n. With increasingg, the gap and
the smaller peaks are washed out; however, the peak
v ­ 0 persists throughout [see Fig. 1(c)].

In conclusion, although our derivation was restricte
to the lowest LL, we believe that our results are mo
general and valid for higher LL also. Indeed, the gap
the DOS for small disorder is apparently a result of th
LL degeneracy. Therefore, the above argument, rela
to the change in the sign of the potential (3), should ho
for arbitrary LL. Note that the condensation of state
also occurs for all LL numbers [11]. Thus, we expec
that nonanalyticalv dependence of the DOS will persist
although the precise behavior ofgsvd near the gap edges
could be different. Concerning the sharp minimum in th
DOS in the absence of the LL degeneracy [see Fig. 1(a
it seems that this is a rather general feature. In fact, in t
absence of magnetic field, analogous behavior has b
known in the 3D case for identical scatterers [18,19].

A possible experimental realization of the multipl
resonant scattering could be a system of self-assemb
quantum dots separated from a 2D electron gas by a t
able tunneling barrier [4]. Because of the narrow distrib
tion of the dots’ sizes, the spread in their energy levels,g,
does not exceed 10 meV [3]. For a considerable effect
the resonant scattering, one must haved2ygG , 1. For
a typical LL width, G , 1 meV, this condition implies
that the parameterd should be about several meV, which
would be reasonable to achieve. Moreover, fordyG * 1,
an even weaker condition, the tunneling would be rel
tively strong and the effect of the resonant scatterin
would be significant. It was observed in Ref. [4] that th
mobility of the 2D gas (at zero magnetic field) dropped b
2 orders of magnitude when the thickness of the tunn
ng
be
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ing barrier between the dots and the plane was reduc
Although we cannot give a quantitative estimate for th
zero-field case, this is certainly in qualitative agreeme
with our results. We hope that our results will furthe
motivate experiments in magnetic fields.
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