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Coulomb effects in artificial molecules
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We study the capacitance spectra of artificial molecules consisting of two and three coupled
guantum dots from an extended Hubbard Hamiltonian model that takes into account quan-
tum confinement, intra- and inter-dot Coulomb interaction and tunneling coupling between
all single particle states in nearest neighbor dots. We find that, for weak coupling, the inter-
dot Coulomb interaction dominates the formation of a collective molecular state. We also
calculate the effects of correlations on the tunneling probability through the evaluation of
the spectral weights, and corroborate the importance of selection rules for understanding
experimental conductance spectra.
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1. Introduction

An artificial atom or quantum dot is a fabricated nanostructure in which electrons have been confined in
all three dimensions, leading to a discrete energy spectrum of the electronic states. The electrostatic charging
energyU = €?/C (C is the total capacitance) is about an order of magnitude larger than the average level
spacingAe, leading to interesting new phenomena due to the interplay between energy and charge quantization
[1, 2]. If the artificial atom is coupled to electron reservoirs, one can study transport properties through the
quantum dot. At low bias voltage and low temperatukds & Ac¢), periodic oscillations of the conductance as
afunction of gate voltage have been observed [1] and explained in terms of the Coulomb blockade effect [3, 4].
In this linear regime, the difference in gate voltage between two successive conductance peaks corresponds to
the difference in energy between the ground statellferl andN electrons, and is called the addition energy.
Transport spectroscopy through these systems has been carried out [5] by varying both the gate voltage and
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the bias voltage. In the non-linear regime, the bias voltage is finite and excited states are accessible, providing
additional transport channels.

In a seminal paper, Megt al. [6] studied the temperature dependence of the conduction peaks by using an
Anderson Hamiltonian with a Hubbard term for the intradot electron—electron interaction. Tunneling selection
rules introduced by electronic correlations have been studied in the nonlinear regime by Weatialazand
by Pfannkuche and Ulloa [7], and the connection with the mechanism which appears to suppress many of the
conductance peaks observed in experiments has been analyzed.

Recently, experiments have been done in arrays of two and three coupled quantum dots (artificial molecules),
where the interdot coupling can be controlled [8], and the unfolding of each conductance peak into two and
three peaks, respectively, is clearly observed as the coupling is increased. Transport experiments on artificial
crystals show evidence for energy band formation [9]. The electron—electron interaction manifested in artificial
atoms in the Coulomb blockade regime is expected to be equally important in arrays of quantum dots in the
tunneling regime. Stafford and Das Sarma [10] studied the addition spectra of arrays of quantum dots to
analyze the analog of the Mott metal-insulator transition and to explain experimental results [9] in 1D arrays
of quantum dots. Other studies have been carried out using this approach, looking at the conductance in linear
arrays of up to six quantum dots [11].

In this paper we study arrays of quantum dots using an extended Hubbard Hamiltonian that takes explicitly
into account the interdot Coulomb repulsion and its effects on the addition spectrum. Also, we study the
interplay between electron correlations and interactions through the evaluation of the overlap or spectral
weights governing the tunneling probability through these systems.

2. Model

In the extended Hubbard Hamiltonian, besides the intradot charging ddewmg consider a more general
tunneling matrix elemeritz between single particle states in nearest-neighbor dots and the interdot Coulomb
interactionV, invariably present in experiments. The Hamiltonian can be written as

H = Zej'“é;aéi»w - Z (taﬂé:aéj,ﬂ + h.c)
J ap i)

1 A L
+§;anj(nj—1)+§\/ijninj, Q)

wherefy; is the electron number operator at sitand(i, j) represents nearest neighbor dots. In this equation,
€j.« are the energy levels of thgh quantum dot which are assumed equally spaced with separsjidu
is the intradot Coulomb repulsion for thjéh quantum dot); is the interdot repulsion between thé and
jth dots and,; is the tunneling matrix element betweerand g orbital states. Hereafter, energies will be
expressed in terms af; = U andV;; is assumed constant and equalto

The tunneling matrix elements; will be assumed to either be zero, or be givetpy= y2t/((AE)? + y?),
whereAE = €, — €414 IS the difference in energy between levels in each dot involved in the tunneling
event,t is the maximum value of the tunneling matrix element anis the width of the Lorentzian (set
here equal to At), This form oft,s simulates the expected decreasing coupling between levels that are not
resonant. A specific microscopic model of the structure allows one to estimate the tunneling matrix elements
and obtain this behavior. Details will be presented elsewhere.

In all cases, we have taken the temperature suctkthat 0.04U, andU > t ~ A; > kT for all j.

The current through the system takes into account the fact that an electron entering or leaving the system
causes a transition between fti¢ — 1)-electron statéx’) and theN-electron statéx). The corresponding
tunneling rate§’,,» = I'h S, depend on the single electron tunneling rdiggand the spectral weigh,.
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Fig. 1. Differential capacitance (in arbitrary units) vesus chemical potential for a molecule with two quantum dots and three single
particle states in each dot. No interdot tunneling and varying interdot Coulomb repulisksr a symmetric molecule witdh = 1 and

A = 0.3 ineach dot, (AV =0, (B) V = 0.3. For an asymmetric molecule withy = 1, A; = 0.3; U2, =0.8,A2 = 0.2, (A) V =0,

(B)V =0.3.

describing the correlations in the system. This quantity is given by [7]

S =Y lIClle)? 2

wheren labels single-electron dot states. For a system of uncorrelated electrons this overlap will be either
one or zero between any two states; however, electron correlations result in overlaps much less than unity and
consequently the tunneling probability is reduced considerably.

Here we present results for linear arrays of two and three quantum dots with up to five spin degenerate
levels per dot. For the two atom molecule we consider two cases: (a) the symmetric case, where the level
spacing and intradot Coulomb interaction are the same in each sitd;i.A, = A andU; = U, = U;

(b) the asymmetric case, where these parameters are different in each site. We assume a parabolic potential
for each dot, so that these two parameters characterize the size of each atom. For the three atom molecule, we
consider linear arrays in the following two ways: (a) all atoms are equal and (b) a larger atom in the center,
with appropriate parameters for each case.

The procedure is to solve the extended Hubbard Hamiltonian in the particle number representation by
direct diagonalization to obtain the eigenvalues and eigenvectors for the systeid el¢ictrons. From the
eigenvalues we can obtain the addition spectrum from

9(N) =k
I o

32Inz
T— 3)
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Fig. 2. Same as Fig. 1, with interdot tunneling presént(0.1).

whereZ is the grand canonical partition function and the differential capacitance is obtained from

g_eZM (4)
vV

The spectral weights can be calculated from the eigenstatds-ofl andN electrons and equation (2).

3. Results

For two dots, in the symmetric case, witl = 0,V = 0 (Fig. 1A), we obtain peaks in the differential
capacitance spectrum, characteristic of isolated dots, separated by the Coulomb blockada endrgihe
dotted line shows the behavior gfl), the average number of electrons in the molecule where the degeneracy
present in our system can be observed. Keeping the tunneling coupling equal to zero and increasing the
interdot Coulomb repulsiod we observe (Fig. 1B) that the Coulomb blockade is partially destroyed with an
unfolding of the peaks, with separation equal to the valué,dh such a way that a doublet is obtained from
each of the original peaks. By increasing the valu&/dlurther, we observe the evolution of the spectrum
from the ‘atomic’ case of isolated quantum dots, to a collective state of the system where both the intra-
and inter-dot Coulomb interactiond, andV, are present, but it i¥ which is responsible for breaking the
degeneracy and producing these collective states.

In the asymmetric case, Fig. 1C, we have a different situation where the pgak d characteristic of
isolated dots remains as a consequence of the alignment of the lowest energy levels for both dots, but the
other two peaks unfold due only to the difference in size between the dots. Again we observe the formation
of split peaks a¥ is increased (Fig. 1D).

Whent = 0.1U andV = 0, in the symmetric case, Fig. 2A, the splitting of the peaks is proportional
to the value oft. For weak coupling we see that the peaks have not completely unfolded; but,sas
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Fig. 3. Differential capacitance vs chemical potential for a molecule with three quantum dots and three single particle states in each
dot. Interdot tunneling is preserit£ 0.1) and varying interdot Coulomb repulsidh Identical quantum dotg) = 1, A = 0.3 in each

dot, (A)V =0, (B) V = 0.3. A molecule with a larger atom in the center and paraméfers: Uz = 1, A; = Az = 0.3; Uz = 0.8,
A=02,(C)V=0,(D)V =03

increased (Fig. 2B) again we observe the formation of split off features. Comparing with Fig. 1B, we note that
although both plots look similar, there is an important difference. Here there are strong electron correlations
not present in the situation corresponding to Fig. 1B. Therefore, we may say that capacitance spectra do not
yield information on effects of correlations. As we will see below, we may obtain this information through
the calculation of spectral weights. In the asymmetric casd/ fer0 (Fig. 2C) again we see a splitting of the

peaks which now depends on both the tunneling coupling and the asymmetry, and as the interdot interaction
V is turned on, we observe the formation of a series of collective states of the system (Fig. 2D).

Figure 3A and B shows the spectra for molecules with three identical dots and three orbitals, with interdot
tunneling ¢ = 0.1U), for the case¥ = 0 andV = 0.3U. Since we are restricted to interactions between
nearest neighbors, we obtain results similar to the corresponding case for two dots, shown in Fig. 2A and B.
Considering an atom with a larger size at the center of the molecule (Fig. 3C and D), we see that the reduction
in symmetry improves the formation of collective molecular states. As the number of dots increases we
observe how each peak in the capacitance spectrum evolves into a ‘miniband’ consisting of as many peaks
as dots in the artificial molecule. One notes gaps between successive minibands which in general decrease
as the couplingt(or V) is increased. The capacitance spectrum exhibits a collective property or state which
is a signature of the artificial molecule in a similar sense as the energy band structure defines a system in
solid state physics. The capacitance peaks correspond to fluctuatibhsttie number of electrons in the
system, determined by changes in chemical potentas the gate voltage is varied in transport spectroscopy
or capacitance experiments, and obey selection rules which depend on the electron correlations in the system.

We see from these results that, for weak tunneling, the effect of interdot Coulomb interaction is very
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Fig. 4. Spectral weights as a function of transition enefgly between states withh = 2 andN = 3 electrons. Interdot Coulomb
repulsionisvV = 0.3 (U = 1). (A) Symmetric molecule with two dots and three orbitals with the tunneling interaigioa 0, and (B)

t = 0.1, to contrast the role of electron correlations and its effect on spectral weights. (C) A system of three dots and three orbitals with
the larger dot in the center ad= 0.1. (D) Asymmetric molecule of two dots and five single particles energy levels in each dot and
t=0.1.

important in the formation of collective states in coupled quantum dot arrays. The general behavior we
observe for the evolution of the differential capacitance peaks as a function of coupling, with interaction
effects present, are in agreement with experimental results [8], regarding the position of the conductance
peaks.

In Fig. 4, we show results for the spectral weigits as a function of the energy differeneeE between
the states involved in the transition, corresponding to the case where the number of electrons in the system
goes fromN = 2 to N = 3 keeping the interdot Coulomb interactign= 0.3U fixed. Fort,s = 0, Fig. 4A
shows that for two symmetric quantum dots with three orbitals, the electrons are totally uncorrelated. This
can be understood since in our model Hamiltonian the interaction terms are diagonak WioetU , we see
from Fig. 4B for the same system, an overall reduction in the values of the spectral weights due to the presence
of correlations, since in this case a state of the system is made up from a large number of single particle states
with very different occupation probabilities. Figure 4C shows the spectral weights corresponding to the case
in Fig. 3C, and Fig. 4D for an asymmetric double dot system with five orbitals. We can see that a large
number of overlaps with small values appears, implying that in this system most of the channels will have a
small contribution in transport experiments. These are the effects of electron correlations caused by tunneling
coupling which cannot be appreciated in the corresponding addition spectra (Fig. 1B, 2B). If we calculate the
average value of the overlap for these two cases we obtain 0.083 and 0.067, respectively.
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4. Conclusions

We investigate artificial molecules consisting of two and three quantum dots coupled in series. The dots
can be either equal or with different sizes. We have applied an extended Hubbard Hamiltonian to calculate the
capacitance spectra and spectral weights for these systems. We find that the peak positions depend on both
inter- and intra-dot interactions and observe how characteristic peaks of isolated dots develop into minibands
and a series of molecular ‘collective states’ fdrelectrons is formed. We observe that the interdot Coulomb
repulsion must be considered in the weak tunneling regime for an appropriate interpretation of peak splitting in
conductance spectra experiments. We analyze the spectral weights for these artificial molecules to emphasize
the interplay between interactions and electron correlations and the relation with the tunnel probabilities
through these systems. Our results are in agreement with known selections rules for quantum dots.
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