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Effect of interactions on the integrability and level statistics
of two particles in an infinite quantum well
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Abstract

We determine the energy spectrum of a system consisting of two particles which interact through a screened Coulomb
potential. The spinless particles are confined in a one-dimensional infinite well. The integrable bouncing-ball limit and
the bare potential cases, the latter one for different strengths, are considered. In both cases, the level of distribution for the
integrable limits do not follow a Poisson distribution. In the second case, however, a transition from the singular
distribution of free particles to a Wigner-like form takes place as the strength of the bare potential increases. This is
similar to the transition for typical systems with mixed dynamics. ( 1998 Elsevier Science B.V. All rights reserved.
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Classical chaotic systems and their quantum
counterparts have been extensively studied in recent
years. Billiards, in particular, have shown generic
manifestations of chaoticity in both eigenfunctions
and eigenvalues [1,2]. A typical billiard consists of
a particle moving in a region limited by hard walls.
Experimental realizations of these systems can be
found in the quantum dots [3]. The usual theory
applied to these mesoscopic systems is that of the
typical billiard and emphasis has been put mainly
on shape effects. However, more than one particle is
expected to be simultaneously present in ‘nearly
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isolated’ dots (weakly coupled to the leads) and the
interactions among them should be considered in
a more complete description. In fact, some experi-
mental [3], and theoretical [3,4] results in these
systems have pointed out effects attributed to the
interactions between the particles.

To get a better understanding of interaction ef-
fects on the properties of quantum dots, we study
a Hamiltonian system consisting of two particles
moving along a line and interacting through a
screened Coulomb potential, i.e., a Yukawa poten-
tial with screening length j~1. The particles are
confined in an infinite-wall potential well. We have
recently analyzed the classical system [5]. We ob-
served a mixed dynamical behavior (with both cha-
otic and integrable regions in phase space), which is
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determined by the inverse of the screening length
j and the total energy E. The integrable case corre-
sponds to jPR. Then the potential goes to
a ­ function and the particles behave as bouncing
balls. Notice that the transition to integrability
is not smooth but rather singular. Only in the case
of infinite j (or energy) the system becomes
integrable. On the other hand, the limit j"0
corresponds to the bare Coulomb potential for
which the problem is well behaved (except for infi-
nite kinetic energy). Secondary stability islands
which correspond to correlated motion of the par-
ticles are prevalent. Intermediate values of j and
E determine a much more complex dynamics. We
now study the quantum analog of this system in
both regimes, by also considering a varying bare
potential. Our analysis focuses here on the level
spacing distribution.

Level statistics analysis has become an important
tool to analyze the manifestations of chaos in the
semiclassical regime. Thus, for the integrable case
the energy levels are uncorrelated, and the distribu-
tion P(s) of nearest-neighbor spacing s is Poisson-
like [6], while in the extreme regime of ergodicity
a Wigner distribution is well approximated. Pre-
vious works have found that the quantum analog of
mixed dynamical systems have a generic behavior
[7,8]. As the chaos increases, a transition from the
Poisson (PD) to the Wigner (WD) distribution is
observed. Moreover, an analytical expression for
the transition distribution has been derived in the
semiclassical limit [7]. However, numerical results
showed that this expression is valid only for s'1
[9]. Instead, a Brody distribution (BD),
PBb(s)"asb exp(!bsb`1), where a and b are related
to the parameter b, describes more properly the
transition between PD (b"0) and WD (b"1) [9].

When taking +2/2m"1, the Schrödinger equa-
tion to be solved is
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The wave function must satisfy the usual boundary
conditions on the infinite walls W(x
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properly chosen in order to satisfy the boundary
conditions. Because of the singularity in the bare
potential at x
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, a cutoff e"10~3 is introduc-

ed. Thus, for the case of spinless particles the wave
function is expanded as
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A diagonalization procedure is performed numer-
ically for n"900, and in general about 700 levels
are considered in the statistics below.

Before presenting our results, some remarks are
important. First of all, we can transform our system
to that of a single particle with coordinates (x

1
,x

2
)

moving in a two-dimensional hyperbilliard. For the
integrable bouncing balls, the hyperbilliard is an
isosceles right triangle, whose eigenvalues are given
by E"(k
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#k
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2
, with k
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and k
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as above

[10]. On the other hand, when the bare potential is
considered, the integrable case corresponds to the
limit of independent noninteracting particles
whose hyperbilliard is a square. The eigenvalues are
well known, E"k2

1
#k2

2
. The nongeneric level se-

quence for the rectangular billiard has been pointed
out by Berry and Tabor [6]. Instead of the PD,
they suggested P(s)"(1!e~X)e~Xs, X"p/4 for
the square. The triangle spectrum is a subset of
the square levels so a nongeneric spectrum is also
expected.

Following Prosen and Robnik [9], the cumulat-
ive level spacing distribution I(s)":s

0
P(s) ds is

transformed properly to linearize the BD. Under
the transformation p"log(s), one defines the dis-
tribution ¹(p)"log(!log(1!I(expp))), which for
the BD becomes ¹B(p)"(1#b)p#log b. Fig. 1
shows ¹(p), the transformed distribution of 4500
levels as obtained by the sequences given before, for
both the triangle and the square. The straight lines
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Fig. 1. The transformed distribution ¹(p) for the analytical
spectra of the triangle and the square, as well as for PD and WD
functions.

correspond to PD and WD and are shown for
comparison. It is clear that a linear fit to a BD is
not possible, which confirms the singularity of these
sequences.

Fig. 2 shows our numerical results for the bounc-
ing balls, i.e., the d function potential for the
strengths a"104 and 1012. The former value with
n"2500 basis functions is also shown. Since both
the ‘height’ of the d function potential and the basis
set are finite, we do not expect to obtain the exact
sequence of values for the triangle, which is also
included for comparison. This behavior is a signa-
ture of the expected singular nature of the pure
d potential limit. Nevertheless, notice that the over-

Fig. 2. The transformed distribution ¹(p) for the bouncing balls
as obtained numerically. Different strengths a are shown for
n"900 basis functions, and n"2500.

Fig. 3. The transformed distribution ¹(p) for the bare Coulomb
potential. Different strengths a and fixed n"900 are shown.

all behavior is well reproduced and it improves
slightly as the number of functions in the expansion
increases. The bare potential case below is however
well behaved.

We now consider the bare Coulomb potential.
Fig. 3 shows the sequence of different values of a.
The presence of a weak potential (a"0.1) can be
considered a rather small perturbation of the
square billiard (a"0). Then, the ¹-distribution
curves are very similar. However, as a increases,
a transition to the PD occurs (a"3) and the trend
towards a WD is observed (a"100). In fact, the
histogram of P(s) in that case (not shown here) is
rather Wigner-like.

To conclude, we have analyzed the level of statis-
tics of two systems consisting of two interacting
particles in an infinite quantum well. The first case,
of simple bouncing balls, does not show the PD of
generic integrable systems. In the other regime, as
the Coulomb potential is switched on, the integr-
able limit is singular. However, as the strength of
the potential increases, the distribution becomes
more and more Poisson-like and eventually crosses
over towards a Wigner-like distribution. These re-
sults suggest a transition towards a generic mixed-
dynamics system, where the level distribution will
be provided by a growing WD component, in
qualitative agreement with the observed classical
behavior [5]. As for particles moving in a higher-
dimensional quantum well, the same conclusions
are expected to apply, at least qualitatively. More
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quantitative statements require closer analysis of
the semiclassical regime, as described by Berry and
Robnick [7]. This is in progress and will be present-
ed elsewhere.
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México and US Department of Energy Grant No.
DE-FG02-91ER45334.

References

[1] G. Casati, B. Chirikov (Eds.), Quantum Chaos, Cambridge
University Press, Cambridge, 1995.

[2] M. Brack, R.K. Bhaduri, Semiclassical Physics, Addison-
Wesley, New York, 1997

[3] For a recent review and relevant references see, C.M.
Marcus et al., Chaos, Solitons and Fractals (1997), to
appear.

[4] S.E. Ulloa, D. Pfannkuche, Superlatt. and Microstruct. 21
(1997) 21.

[5] L. Meza-Montes, S.E. Ulloa, Phys. Rev. E 55 (1997)
6315.

[6] M.V. Berry, M. Tabor, Proc. Roy. Soc. London A 356
(1977) 375.

[7] M. V. Berry, M. Robnik, J. Phys. A 17 (1984) 2413.
[8] T. Seligman et al., Phys. Rev. Lett. 53 (1985) 215.
[9] T. Prosen, M. Robnik, J. Phys. A 26 (1993) 2371.

[10] P.M. Morse, H. Feshbach, Methods of Theoretical Phys-
ics, McGraw-Hill, New York, 1953.

L. Meza-Montes, S.E. Ulloa / Physica B 249–251 (1998) 224–227 227


