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Abstract

We present an ab initio computational scheme for evaluating the dielectric
response function of Si clusters. All calculations are carried out employing a
basis of localized atomic-like orbitals and including quasiparticle corrections.
The self-energy operator is evaluated in the GW approximation, with a full
frequency dependence for the dielectric matrix. The approach is convenient
and computationally optimal for the calculation of optical properties of com-
plex systems lacking full periodicity, such as surfaces and clusters. We present
here the quasiparticle-level structure for Sigg and Sigy clusters and discuss the
sensitivity of their optical properties to quasiparticle corrections. We find
that the optical gap is larger than in bulk silicon, clearly the result of size

quantization and structural disorder.
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Computer modeling of electronic and optical properties of materials is one of the most
promising and rapidly developing areas of condensed matter theory. To a large degree, struc-
tural (and ground state properties in general) are well described by density functional theory
in the local density approximation (LDA). Other quantities of obvious importance, including
electronic, transport, and optical response functions are only qualitatively described in the
LDA and it is of special importance to devise new methods which provide accurate estimates
of excited states and associated properties at tolerable computational efficiency. It is with
a view to meeting both of these criteria that we introduce a real-space implementation of
Hedin’s “GW” approximation [1] and apply it to Si clusters. Our work provides both some
new insights into the electronic properties of these clusters, and suggests a path towards
a full real space version of the GW approximation which we expect to have utility in any
system lacking full translational periodicity.

A systematic approach to calculate quasiparticle excitation energies is based on the

solution of the following equation,

Hy(r) i (r, w) + /d3r Y(r,r’, )k (t, w) = enk(W)Pnk(r, W), (1)

where H, is the Hartree Hamiltonian, and &, (w) and 1, (r,w) are the quasiparticle energy
and wavefunction, respectively. The nonlocal and energy-dependent self-energy operator
Y(r,r’,w) contains formally all the effects of exchange and correlation. It is in general a
complex quantity, where the imaginary part describes the damping of the quasiparticle.
Calculations of X(r,r’,w) are difficult even for the uniform electron gas, as there is no
explicit solution for the vertex function, in general. The simplest working approximation
was introduced by Hedin in 1965 [1], in which the vertex is approximated by the lowest-
order function, so that the ¥(r,r’,w) is given by the product of the Green’s function and

the screened Coulomb interaction W (r,r’,w'):
X(r,r,w) = 21 /dw’e‘”’“"G(r,r',w —NW(r,r', '), (2)
m

with



G(I‘, rl,w) — Z djnk(r?w)d};k(r’?w) : (3)

i W — Enk(w) — in sgn(p — enx(w))

W(r,r', ') = /d3r"v(r —1")e ("), W) . (4)

Here p, v(r —1'), and ¢ !(r, ', w’) are respectively the chemical potential, the bare Coulomb
interaction, and the inverse dielectric function, and 7 is an infinitesimal convergence factor.

A number of successful computational efforts based on the GW framework have been
presented over the last decade [2]. Most of the calculations start from the LDA band
structure and employ a set of plane-wave (PW) basis functions. A plasmon-pole model
has been used to simplify the frequency dependence of the screened Coulomb interaction,
and to reduce computational costs. In this framework, it has been shown that the GW
corrections bring the quasiparticle band-structure into good agreement with experiment for
many semiconductors, metals, and insulators [2,3]. In such calculations, a large number
of PW’s are typically needed, especially for more complex systems, such as surfaces and
clusters, and in general, solids with large unit cells or systems with ‘hard’ pseudopotentials.
Recently, some efforts have been made to reduce the requirement of large basis function
sets. Rohlfing et al. [4] have implemented an efficient scheme for quasiparticle calculations
employing localized Gaussian orbitals as a basis. The applications to bulk and surface
systems showed a reduction on the computation time and produced the same accuracy as
using a PW basis. For bulk Si, for example, the number of Gaussian orbitals needed to
perform the GW calculation is 40-60 per unit cell, whereas 350 PW’s are needed in the
conventional approach [4].

In this paper, we present a different GW approach using a localized-function basis set
for the calculation of optical properties. The local functions are a set of polarized atomic or-
bitals (PAO) which have been used successfully in the density-functional molecular dynamics
developed by Sankey and co-workers [5], as well as in more recent work by Ordején et al.
[6]. These implementations have been shown to be reliable, and with execution times much

shorter than other ab initio methods. The use of a localized basis set is extremely conve-



nient to study the structural equilibration and corresponding electronic structure of systems
lacking translation invariance. In particular, nine orbitals per atom (sp*d®) are found to be
sufficient to perform calculations for most semiconductors [7], and provide band structures
similar to other methods specifically designed for that task. Taking this into consideration,
we have developed our GW quasiparticle and optical function calculation in the framework
of this efficient local basis. An additional feature of our calculations here, and possible due
to the efficiency of our approach, is that instead of using the simple plasmon pole model
to approximate the calculation of the dielectric matrix elements, we take into account the
full frequency dependence of the dielectric matrix. Our aim is to have a highly accurate
formulation for the study of the optical properties of complex systems, such as surfaces and
clusters. The first application of our approach is to the study of Siyy and Sigy clusters, as
well as bulk silicon.

In general, Eq. (1) has to be solved self-consistently with respect to the charge den-
sity p(r) and the quasiparticle energies entering the expressions (2) and (3). In most GW
calculations performed, however, the self-energy operator is obtained assuming the LDA
Green’s function, and incorporating the screened interaction in W(r,r’, w’) at the same level
[2-4]. For convenience, we also make this approximation in our present work, although a
fully self-consistent treatment is clearly possible (see discussion below). Furthermore, the
quasiparticle energy is obtained considering the real part of the self-energy correction with

respect to the LDA exchange-correlation potential V¥,

Enk = XA + Zoe < nk|(ReX(e2P4) — Vo) nk > |

OReX(w) B | )

Zre = [1 B Ow

LDA
Cnk

where the renormalization factor Z,; arises from the energy dependence of the self-energy.
The diagonal matrix-element of the self-energy operator < nk|X(w)|nk > is conveniently
implemented in a Fourier representation, since the screened interaction W (r,r',w) can be

written in terms of the inverse dielectric matrix-elements,
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Here, v(c) denotes the valence/filled (conduction/empty) bands, V is the volume of the
system, and the g-sum is over the first Brillouin zone [8]. The symmetrized dielectric
matrix-element égg/(q,w) is calculated within the random phase approximation, as vertex
corrections are neglected in the GW approximation. The symmetrized inverse dielectric
matrix-elements g, (q,w) are obtained by direct inversion of the matrix é(q,w) for the
needed values of q and w. The égq/(q, w) matrix-elements are rescaled to enforce the f-sum
rule [3].

The matrix element of the real part of the self-energy operator required in the quasipar-

ticle energy calculation (Eq. (5)) is given by

87'('6 BZ occ an k q) [Mén,n(k q)]*
nk | ReX(w) | nk) ’
(nk | Res(w) | {g;%wm 5

_ " (k, q) [Mg" (k, q)]"
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The w'-integral in Eq. (8) is performed by considering the full frequency dependence of
éae (a,w'). This is particularly important for systems where the plasmon modes merge
with the single-particle excitations at finite q, for which the plasmon-pole model fails. The
transition matrix-element M&"(k,q) =< mk — q|e~9+&)T|pk >, which appears both in
the dielectric matrix-element (Eq. (7)) and in the self-energy (Eq. (8)), can be calculated
either in a real space or in a reciprocal space representation. The former is found more
suitable for a localized system, such as the clusters considered here. The V*¢ potentials are

of the Ceperly-Alder form, as parameterized by Perdew and Zunger [9]. The renormalization



factor Z,x is obtained numerically by evaluating the energy-dependence of the self-energy
around each eZP4. A detailed description of our computational scheme will be published
elsewhere [10].

To analyze the optical properties, we concentrate on the macroscopic dielectric function

[11]7

1
M .
€’ (w) = lim ) 9
W= (@) ©)

‘G:G’:O

The inverse dielectric matrix ¢ '(q,w) has, in general, nonvanishing off-diagonal elements
due to lattice periodicity, and the proximity of atoms around the central unit cell, both
of which influence the optical spectra. Calculation of the macroscopic function via Eq.
(9) allows one to study various optical properties, such as the absorption spectra, which
is directly related to the imaginary part of dielectric function Im ™ (w); the dielectric
constant €g = Re ¢™(0); as well as the electronic contribution to the frequency-dependent
conductivity o(w) under the relation of e(w) = 1 + (4mi/w)o(w) [12]. The local field (LF)
effects in €™ (w) obviously disappear when the system losses its periodicity, such as in the
clusters considered here. Notice, however, that the ‘polarizability’ of all the atoms in the
cluster is explicitly taken into account in our approach. On the other hand, inter-cluster LF
effects would appear if one is, for example, describing a nanostructured solid, where clusters
are assembled in close proximity, and embedded in some sort of matrix [11].

As an initial of our method, we have calculated the band-structure of bulk Si near both
the valence and conduction band edges. Two different sets of basis orbitals are used, the
minimal basis of sp® orbitals and the larger basis of sp*d® orbitals per atom. The results at
high-symmetry points are given on Table I. As can be seen there, the results at the LDA
level for the band structure require d-orbitals to be fully converged (see first two columns),
and show the well-known indirect I's5, — X;. (approximately) gap in silicon (if grossly
underestimated by ~ 0.8 eV for 18 PAQ, as is typical in LDA calculations [2,3]). On the
other hand, the GW corrections using either the minimal basis set (GW(8 PAO)) or larger

basis set (GW(18 PAQ)) are comparable, indicating good convergence in our GW correction
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with respect to the size of the basis functions. Notice however, that the right g5, — X,
indirect gap (1.29 eV), and proper band alignment is obtained only for the full sp*d® set (18
PAOQ). Comparing with other GW calculations, we find that our GW results agree with those
using 60 Gaussian orbitals (GW(60 GO)) [4], or using plane wave functions (GW(PW)) [3].
Our results also closely resemble the experimental data [13], despite the lack of adjustable
parameters [14].

We then apply our approach to study the quasiparticle energy spectrum and the dielec-
tric response functions of Sigy and Sigy clusters. The electronic and atomic structures of
the clusters were obtained from the first-principles quantum molecular-dynamics method
mentioned before [5,16]. In the calculation of the electronic band structure, a larger basis
of sp®d® orbitals was employed. The atomic structures and the electronic density of states
(EDOS) of the resulting Sigg and Sigg clusters are illustrated in Figs. 1-3. The lowest-energy
‘equilibrium’ configuration of the Sigy cluster, obtained after annealling and quenching [16],
is of a compact and closed-network type (see Fig. 1(a)), with no clear central atom group.
On the other hand, the equilibrium configuration of the Sigy cluster (Fig. 1(b)) is slightly
more oblate in shape than the Siyy cluster, and with several interior atoms exhibiting a
degree of overcoordination. The difference in their structures is reflected on their EDOS,
both in the shape of the EDOS, and also in the LDA band gap, giving quite different values,
1.12 in Sigg, and 0.55 eV in Sigg, respectively (see Fig. 2(a) and 3(a)).

In the quasiparticle calculation, we use supercells of 15 x 15 x 15 A3 for Sig, and
20 x 20 x 20 A® and Sigy [8]. The transition matrix-elements MZ™(k, q) were calculated
using a Fourier representation with 850 G-vectors in reciprocal space, to achieve a good
description. We find that, due to the product-like nature of M&"(k,q), the cutoff energy
and corresponding number of G-vectors required are much lower than for the wavefunc-
tion ¥, (r) or the density p(r). The symmetrized dielectric matrix-element égg/(q,w) is
computed according to Eq. (7) for the needed q and w. The inverse matrix g (q,w) is
then obtained by numerical inversion. The w'-integration in the second term of Eq. (8) is

performed over a one-dimensional grid with 0.2 eV step, in a range of four times the band-
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width, large enough to achieve convergence. The pole structure along the real energy axis is
regularized by an imaginary infinitesimal factor in (n = 0.1 €V in the present calculation).
The renormalization factor Z,, is calculated numerically by a five-point derivative formula
around each P4, The resulting nearly-constant value of 0.85 for most band energies in
both clusters is in agreement with the typical assumption of a constant value made in the
literature [17]. The imaginary part of the self-energy operator is also analyzed to evaluate
the lifetime of the quasiparticle. In all bands, except near the bottom of the valence band
and the top of the conduction band (i.e., away from the gap), it has a magnitude of order
1072 eV, showing the good stability of the quasiparticles for excitations close to the gap.
The V*¢ data used in Eq. (5) are taken from the local basis functional LDA results which
range from —11.7 to —9.9 eV in these clusters.

The calculated quasiparticle excitation spectrum for Sisg and Sigg clusters is presented in
Fig. 2(b) and 3(b), respectively. In general, of course, the quasiparticle correction depends
on the particular energy level and wavefunction considered. Compared to the LDA EDOS
(Fig. 2(a) and 3(a)), we find that the quasiparticle energy spectrum remains more or less
unchanged in shape as compared to LDA EDOS, except for a small enhancement near the
valence band edge. On the other hand, the LDA conduction band energies are shifted to
higher energies, opening the gap by about 1.3 eV in Sig, and 0.9 eV in Sig after the GW
correction. The fundamental band gap of Siyy is then at 2.42 eV, and that of Sigy at 1.45
eV.

We have also studied the sensitivity of the dielectric response function to quasiparticle
corrections. Notice that the LF effect should disappear in the case of real isolated clusters
(except for the intra-cluster terms explicitly considered here). In our simulation, we have
placed the cluster into a cubic supercell, although it is large enough to ensure that each
cluster is isolated (with no inter-cluster electron hopping) [8]. We have verified that the LF
effect arising from possible long-range Coulomb interaction with the clusters in neighboring
cells is indeed negligible on the dielectric function. Therefore, we have explicitly verified

that €M (w) = limg_0€00(q,w), as we would anticipate of negligible LF effects [11]. The
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imaginary part of the dielectric response function of the clusters in the energy region of
interest is presented in Fig. 4, both before and after the GW correction. The enhancement
of the optical gap due to quasiparticle corrections is clearly seen in the figure. Moreover, the
shape of the dielectric response function is changed slightly near the first absorption peak,
producing an overall smoothing and oscillator strength distribution. We should point out
that these results are in qualitative agreement with recent photoluminescence measurements
in Si clusters created by annealling of implanted samples. There, features at ~ 1.5 eV
are seen and identified with the aggregation of nanoclusters and the associated quantum
confinement effects on electrons, in addition to possible surface defects and reconstruction
[18].

In summary, we have developed an ab initio method to calculate the optical properties
of semiconductors and insulators using a local basis set. The frequency dependence of the
dielectric matrix elements is fully included in this GW calculation for clusters. We find
that the GW corrections significantly enhance the optical gap by 1.3 eV in Siyy and 0.9
eV in Sigy from the LDA results. This influence is larger than in bulk Si, where a shift of
~ 0.68 eV in the optical gap is found [19]. Such tendency was found also in the silicon
nanocrystals studied by Ogﬁt et al. [20], probably as a consequence of quantum confinement
of the electron due to the small cluster size. The quasiparticle energy spectrum has been
obtained starting from the LDA band energies and wavefunctions in a non-self-consistent
GW approach, as in the work by other groups [2,3]. However, recent work on GW [21]
emphasizes that self-consistency is an important issue in GW calculations, to guarantee
that the final results are independent of the starting Green’s function (see also discussion in
Ref. [2]). The disagreement with experiment of the self-consistent GW results for bulk Si
[21] implies that higher order vertex corrections beyond the simple GW followed here would
have to be considered. To what extent these effects would impact on the dielectric response
functions of Sigy and Sigy clusters and other systems is an important point deserving further
consideration. Our local-basis approach should allow exploration of this and other related

issues (such as LF in cluster arrays) from first principles, at a moderate computational cost.
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Moreover, excitonic effects related to the two-particle self-energy terms in the electron-hole
interaction are found to be important in finite-size systems due to the weaker screening of
the Coulomb interaction [22]. For Si nanocrystals, for example, the exciton effect reduces
the band gap corrected by GW, and gives an optical gap which is in good agreement with
experiments [20]. Incorporation of these effects for Siyy and Sigy clusters remains as a future

challenge in our formulation.
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TABLES

TABLE I. Calculated band-structure energies of Si at high symmetry points (in eV). The lattice

constant is the experimental value of 5.43 A. A 125 k-point grid and 6 special q points were used

in our GW calculation. The von der Linden-Horsh plasmon-pole model was used in all dielectric

matrix calculations (Ref. [15]). The LDA calculation of the third column and the GW calculation

of the sixth column were performed by Rohlfing et al. (Ref. [4]) and GW result of seventh column

was by Hybertsen and Louie (Ref. [3]). Number of orbitals per unit cell (with two atoms) is in

parenthesis. The experimental values are from Ref. [13].

k-point LDA LDA LDA GW GW GW GW Expt.
(8 PAO)| (18 PAO)| (60 GO)| (8 PAO)| (18 PAO)| (60 GO)| (PW)
sp® sp3d® Ref. [4] sp® sp3d® Ref. [4] | Ref. [3]| Ref. [13]
To54 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
T'ise 2.21 2.66 2.57 3.43 3.88 3.36 3.35 3.40
Xay -3.35 -2.63 -2.78 -3.93 -3.21 -2.93 -2.99 | -2.9, -3.3
Xie 2.90 0.48 0.65 3.71 1.29 1.43 1.44 1.25
Ls, -1.54 -0.98 -1.17 -1.88 -1.32 -1.25 -1.27 | -1.2, -1.5
Ly, 2.38 1.72 1.47 3.02 2.36 2.19 2.27 21, 24
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FIG. 2. (a) Electronic density of states of Sigy calculated using LDA with an sp3d® basis. (b)

The quasiparticle energy spectrum using the GW correction. The Fermi level is set at 0.0 eV. Level

broadening is 0.05 eV.
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FIG. 3. (a) Electronic density of states of Sigy calculated using LDA with an sp®d® basis. (b)

The quasiparticle energy spectrum using the GW approximation. The Fermi level is set at 0.0 eV.

Level broadening is 0.05 eV.
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